Abstract. We use an elliptic system of equations with complex coefficients for a set of complex-valued tensor fields as a tool to construct infinite-dimensional families of non-singular stationary black holes, real-valued Lorentzian solutions of the Einstein-Maxwell-dilatonscalar fields-Yang-Mills-Higgs-Chern-Simons-f (R) equations with a negative cosmological constant. The families include an infinite-dimensional family of solutions with the usual AdS conformal structure at conformal infinity.
Introduction
There is currently considerable interest in the literature in space-times with a negative cosmological constant. This is fueled on one hand by studies of the AdS-CFT conjecture and of the implications thereof: Indeed, this problem is of immediate physical interest in the context of the weakly coupled supergravity limit of the AdS/CFT correspondence. On the other hand, these solutions are interesting because of a rich dynamical morphology: existence of periodic or quasi-periodic solutions, and of instabilities. All this leads naturally to the question of existence of stationary solutions of the Einstein equations with Λ < 0, with or without sources, and of properties thereof.
This manuscript is the fourth in a series of papers, starting with [13] , which are devoted to proving existence of a large class of solutions to the Einstein equations with negative cosmological constant by perturbation of known ones. All of these papers are further related by the fact that the field equations can be transposed to an elliptic system on a conformally compact Riemannian manifold. The system is solved by an implicit function theorem argument under a non degeneracy hypothesis. This can be traced back to earlier work of Graham and Lee [20] on constructing Einstein metrics on (n + 1)-dimensional balls with S n boundary, as generalized to more general infinities by Lee [25] (compare [7] for more general symmetric spaces). Using such methods, in [14, 15] we have constructed infinite dimensional families of non-singular strictly stationary space times, solutions of the Einstein equations with a negative cosmological constant and with various matter sources. These families include an infinite-dimensional family of solutions with the usual AdS conformal structure at conformal infinity. The construction there did not provide any black hole solutions, as strict stationarity is incompatible with existence of horizons. However, black hole solutions are of special interest. In fact, various such solutions have already been constructed numerically: For example, static EinsteinYang-Mills black holes have been constructed in space-time dimension five in [29] , with four-dimensional solutions constructed in [9] , and higher dimensional ones in [28] . In [27] an explicit five-dimensional such solution has been given. Rotating Einstein-Maxwell-Chern-Simons solutions have been presented in [10] . In [19] a family of five-dimensional black holes was constructed satisfying the Einstein-complex scalar field equations, with a stationary geometry and time-periodic scalar field; compare [5] .
The object of this work is to provide a rigorous existence proof for large families of such solutions. The idea is to use a "Wick rotation" to construct suitable solutions of a system of elliptic equations with complex coefficients for a complex valued "Riemannian metric". In a nutshell, we show that Lee's theorem on existence of perturbed Poincaré-Einstein Riemannian metrics [25, Theorem A] can be extended to complex valued "metrics", and to more general equations, and that this can be used to construct stationary Lorentzian black hole solutions with large classes of matter sources. This proceeds as follows:
We wish to construct a Lorentzian metric g in any space-dimension n ≥ 3, with Killing vector X = ∂/∂t, satisfying the Einstein-MaxwellChern-Simons-Yang-Mills-dilaton-scalar fields equations, with a stationary geometry but possibly time-periodic complex fields, or the f (R) equations. In adapted coordinates the metric can be written as
Let us introduce a complex parameter a ∈ C and consider the complexvalued tensor field
satisfying (1.2). We will say that a complex valued symmetric tensor field g is a complex metric if g is symmetric and invertible. Replacing dt by −i dt in (1.3), where i = √ −1, we obtain a complex metric with Riemannian real part:
Under such a substitution the field equations transform in a controlled way, for example t-independent vacuum metrics lead to t-independent, possibly complex valued, tensor fields satisfying the vacuum equations, etc.
Working near a (real-valued) static Einstein metricg =V 2 dt 2 +g satisfying a non-degeneracy condition (as defined in the paragraph after Equation (3.5) below) we will (1) construct complex metrics reminiscent of (1.4) which solve the vacuum Einstein equations for small |a|, and (2) show that V , g and θ are real-valued if a ∈ R. (Incidentally, we will also show that g, and hence g, is analytic in a, an interesting property of the stationary metrics at hand which has does not seem to have been noticed so far.) After "undoing the Wick rotation" leading from (1.3) to (1.4), we will show that the resulting Lorentzian space-time has a smooth event horizon at suitable zeros of V .
The construction guarantees that V has zeros whenV did, and leads indeed to the desired Lorentzian black-hole solution of the Einstein, or Einstein-matter equations.
Our non-degeneracy condition is satisfied by large classes of metrics, including all four-dimensional Kottler metrics except the spherical ones with a single critical value of the mass parameter [16] (see also [4, Proposition D.2]). It is clear that the method opens further possibilities, which remain to be explored. For example, the technique is used in [17] to construct boson star solutions.
Elliptic equations with complex principal symbol
Consider an n-dimensional (real) manifold M . Complex-valued tensor fields over M are defined as sections of the usual (real) tensor bundles over M tensored with C. In other words, all coordinate transformations are real but we allow tensors to have complex components. We emphasise that the "Wick rotation" above is not considered to be a coordinate transformation, but a useful device mapping one set of equations and fields to another, more convenient, one.
As already mentioned, we will say that a two-covariant complex valued tensor g is a complex metric if g is symmetric and invertible.
Let Φ = (Φ A ), A = 1, . . . N , be a collection of complex valued fields, forming a section of a complex bundle over M . Let g be a complex metric and consider a collection of N equations of the form
with some functions F A which will be assumed to depend smoothly upon their arguments. This can be rewritten as the following collection of 2N equations for 2N real fields (ℜΦ, ℑΦ):
We will say that (2.1) is elliptic if the system (2.2)-(2.3) is elliptic in the usual sense for PDEs involving real-valued functions. The principal symbol of (2.2)-(2.3) is bloc-diagonal, built out of blocs of the form
This is an isomorphism for k = 0 if and only if
Hence, if ℜg ij is positive-definite then (2.1) will be elliptic regardless of ℑg ij . More importantly for us, when ℑg ij is small enough all the usual elliptic estimates, as needed for our analysis below, apply to (2.2)-(2.3), and hence to (2.1). Likewise, isomorphism properties for a real-valued g carry over to nearby complex-valued g's. As we will be using an implicit function theorem around real valued Riemannian metrics, our perturbation of ℜg ij , as well as ℑg ij will always be sufficiently small for the estimates and the isomorphism properties to remain valid.
The setup
We work in space-time dimension d := n + 1 and we normalise the cosmological constant to
this can always be achieved by a constant rescaling of the metric. Let∇ denote the covariant derivative associated with the metricg, set
(In (3.2) the derivative∇ is of course understood as a covariant derivative operator acting on tensor densities.) Denoting by R µ αβγ the Riemann tensor of g, similarly for the Ricci tensor, we set
Then the linearisation with respect to the metric, at g =g, in dimension
where the Lichnerowicz Laplacian∆ L acts on symmetric two-tensor fields h as
We will say that a metricg is non-degenerate if∆ L + 2n has no L 2 -kernel. This should not be confused with the notion of non-degenerate black holes, also called extreme black holes, which is the requirement of non-zero surface gravity.
Large classes of non-degenerate Einstein metrics are described in [1, 2, 4, 25], see also Remark 4.10 below.
It follows immediately from the openness of the set of invertible operators that ifg is a real-valued non-degenerate Riemannian metric, then all nearby (in a suitable topology, as determined by the problem at hand) complex valued metrics will also be non-degenerate.
The following is well-known (cf., e.g., the proof of theorem A at the end of [25] , compare [20] for the Poincaré ball):
Proposition 3.1. Suppose thatg is non-degenerate and thatP h = 0, for a tensor field h satisfying
as the conformal boundary is approached. Then h ≡ 0.
Our solutions will be perturbations of a space-time (M ,g) with a static metricg solving the vacuum Einstein equations with a negative cosmological constant. By definition of staticity, near every point in (M ,g) at which the Killing vector is timelike there exist coordinates in which the metric takes the form (1.1)-(1.2) with θ ≡ 0,
The solutions we are about to construct will be defined in the domain of outer communications, where the representation (3.7) is in fact global.
In this work we will consider two cases: H1.V is strictly positive, M is diffeomorphic to R × M , where the coordinate t along the R factor labels the static slices ofg in M . We set
thus time translations in M become rotations of the S 1 -factor of M.
In this case our analysis below provides an alternative proof of the results in [13, 15] . H2. We allowg to describe a static vacuum black-hole metric with a Killing horizon with non-zero surface gravity and with global structure similar to that of the domain of outer communications in the Schwarzschild-anti de Sitter (S-AdS) black holes. More precisely, we assume that the Lorentzian manifold M takes the form
for some R 0 > 0, where n−1 N is a compact (n − 1)-dimensional boundaryless manifold. We require that R × {R 0 } × n−1 N coincides with the zero-level set ofV which, in a suitable extension of M , becomes an event horizon with non-zero surface gravity. The coordinate t along the R-factor labels the static slices of M . We further assume that after a "Wick rotation", where dt 2 is replaced by −dt 2 , the resulting Riemannian metric
extends to a smooth metric on
with the action of the flow of the vector field (3.9) X := ∂ t being rotations of the R 2 factor. In this case our analysis generalises the results in [13, 15] to blackhole solutions. An example of H2 above is given by the (n+1)-dimensional Schwarzschildanti de Sitter metrics with non-vanishing surface gravity, where n−1 N is the (n − 1)-dimensional sphere S n−1 and M = R 2 × S n−1 . More generally, the (n + 1)-dimensional Birmingham metrics [8] , where n−1 N is an (n − 1)-dimensional Einstein manifold, with non-extreme horizons are of this form.
The construction
To avoid a discussion of the technicalities associated with the matter fields, we will start by describing in some detail the construction of the vacuum solutions. Note, however, that the argument is essentially the same in both cases, once the isomorphisms needed to handle matter fields have been established. The key difference is in the boundary conditions: the vacuum stationary solutions are determined by their asymptotic data at the conformal boundary, and might have a non-standard conformal infinity when these data are not the usual AdS ones.
1 On the other hand, our nonvacuum solutions are determined by both the asymptotic data for matter fields and for the metric, which allows existence of nontrivial solutions with the manifestly standard AdS conformal structure at timelike infinity. 4.1. Vacuum solutions. We denote by ρ a coordinate near ∂M which vanishes at ∂M , and by C ℓ,α (∂M, T 1 ) the space of one-forms on ∂M of C ℓ,α -differentiability class.
We have the following:
, and consider a static Lorentzian real-valued Einstein metricg of the form (1.1)-(1.2) as described in Section 3, such that the associated Riemannian metricg is C 2 compactifiable and non-degenerate, with smooth conformal infinity. We further assume that the hypotheses H1 or H2 of Section 3 hold. For all a ∈ R with |a| small enough and every smooth real-valued θ ∈ C k+2,α (∂M, T 1 ) there exists a unique, modulo diffeomorphisms which are the identity at the boundary, nearby stationary Lorentzian real-valued vacuum metric of the form (1.1)-(1.2) such that, in local coordinates near the conformal boundary ∂M ,
1 Note that some non-trivial asymptotic data are compatible with the usual locally conformally flat structure of the conformal boundary. An example is provided by the Demiański-Carter "Kerr anti-de Sitter" solutions, see [22, Appendix B] .
The Lorentzian solutions with V > 0 (case H1) are globally stationary, in the sense that they have a globally timelike Killing vector. We show in Section 5 below that the Lorentzian solutions with V vanishing (case H2) describe smooth black holes.
Remark 4.2. Large families of static vacuum metrics g satisfying the conditions of the theorem have been constructed in [3, 4] . In particular if g is non-degenerate, then the nearby metrics as constructed in [3, 4] 
and the norms of the differences above are small in those spaces. If the boundary data are smooth, then the solution has a complete polyhomogeneous expansion at the conformal boundary. 
Here we have extended θ from ∂M to S 1 ×∂M by imposing invariance under rotations of the S 1 factor. The existence of a solution, for all a ∈ C with |a| small enough, follows by rewriting the equations as in (2.2)-(2.3) (with (Φ A ) = (g µν )), and applying the implicit function theorem. This can be done because of our hypothesis of non-degeneracy ofg; see [4, 13] for the analytical details. In particular (4.2)-(4.3) hold.
The implicit function theorem guarantees that the solutions sufficiently close tog with the asymptotics (4.5) are uniquely determined by a θ. We denote by g(a) this solution.
The usual argument, spelled-out in detail e.g. in [15, Section 4], applies to show that λ µ ≡ 0, so that:
Lemma 4.4. The complex metrics g(a) solve the Riemannian Einstein equations.
We continue by showing that:
Lemma 4.5. The complex metrics g(a) are invariant under rotations of the S 1 factor of M in the case H1, or of the R 2 factor in the case H2.
Proof. Let us denote by P (a) the operator obtained by linearising (4.4) at g(a); compare (3.4). The Lie derivative of (4.4) with respect to X gives
where L X is the Lie-derivative with respect to the vector field X generating rotations of the S 1 factor of M in the case H1, or of the R 2 factor in the case H2; we have also used the fact that L Xg = 0. It follows from (4.2)-(4.3) and polyhomogeneity of the solutions that
This, together with Proposition 3.1, implies L X g ≡ 0, as desired.
Denoting by t the usual angular coordinate on the R 2 factor (H2 case), or the parameter along S 1 (H1 case), we can thus write the metrics g(a) in coordinates adapted to the flow of X in the form
Lemma 4.6. In coordinates as in (4.9), the functions V (a), g ij (a) and θ(a) i are even functions of a.
Proof. Let ψ : M → M denote the map which, in the coordinates of (4.9) changes t to its negative, leaving the remaining coordinates unchanged. Then ψ is a smooth isometry of (M,g). The metric ψ * g(a) satisfies the same equation, with same asymptotic data, as g(−a), and is close tog for |a| sufficiently small, so that uniqueness gives Proof. It is standard to show that the metrics g(a) are continuously differentiable functions of a. Differentiating (4.4) with respect to a gives
where ∂/∂a is the usual complex-derivative operator with respect to the complex conjugate a of a. The vanishing of the asymptotic data for ∂g(a) ∂a gives ∂g(a) ∂a ≡ 0. Now, if a ∈ iR, we can repeat the above construction in the space of realvalued Riemannian metrics. Uniqueness implies then that the corresponding metrics iR ∋ a → g(a) are real-valued. Hence all the coefficients g(x α ) µνk in the convergent Taylor expansions
are real. Lemma 4.6 implies that V (a), the g ij (a)'s, and the θ(a) i 's are real for real a. It follows that for real a the real-valued Lorentzian metrics
satisfy all our claims.
Matter fields.
We now seek solutions to the Einstein-Yang-MillsHiggs-Maxwell-dilaton-scalar fields-Chern-Simons equations defined by the action (4.13)
Here R(g) is the Ricci scalar of the metric g, W and V are smooth functions, |F | is the gauge-invariant norm of a possibly non-Abelian Yang-Mills field, Φ is allowed to be a section of a bundle associated to the possibly nonAbelian gauge-group, with ∇Φ depending if desired upon the Yang-Mills gauge potential. Finally, in even space dimension n, S CS is the ChernSimons action which, in the Abelian case, takes the form:
(4.14)
for a constant λ ∈ R. In the general (non-Abelian) case S CS is given by [11, Equation (3.5)]
(4.15)
when n = 2k and
We obtain:
Theorem 4.8. Let n = dim M ≥ 3, k ∈ N {0}, α ∈ (0, 1), and consider a static Lorentzian real-valued Einstein metricg of the form (1.1)-(1.2) as described in Section 3, such that the associated Riemannian metricg is C 2 compactifiable and non-degenerate, with smooth conformal infinity, has no harmonic one-forms which are in L 2 , with V ′′ (0) which is not an L 2 -eigenvalue of the operator ∆g. We further assume that the hypotheses H1 or H2 of Section 3 hold and that (4.17)
For all a ∈ R with |a| small enough, every smooth real-valued θ ∈ C k+2,α (∂M, T 1 ) and U ∈ C k+2,α (∂M ) and
, and Φ ∈ ρ σ − C k+2,α (∂M ) (where σ − = n/2 − n 2 /4 + V ′′ (0)) which are sufficiently small smooth fields on ∂M , or (2) Φ ≡ 0, and A ∈ C k+2,α (∂M, T 1 ) which is a sufficiently small smooth field on ∂M , there exists a unique, modulo diffeomorphisms which are the identity at the boundary, nearby stationary Lorentzian solution of the Einstein-Maxwelldilaton-scalar fields-Chern-Simons equations, or of the Yang-Mills-HiggsChern-Simons-dilaton equations with a trivial principal bundle, so that, in local coordinates near ∂M , we have
with all convergences ing-norm. The hypothesis of non-existence of harmonic L 2 -one-forms is not needed if A ≡ 0 ≡ U , in which case the Maxwell field or the Yang-Mills field are identically zero.
Remark 4.9. The remarks in [15, Section 7] concerning the energy and the asymptotics of the solutions remain valid word-for-word in the current setting.
Remark 4.10. For the convenience of the reader we repeat here the comments from [15] concerning the kernel conditions in the theorem.
First, it is shown in [15, Appendix C] that the condition of non-existence of L 2 -harmonic forms is satisfied near anti-de Sitter space-time in any case.
Next, it has been shown by Lee [24, Theorem A] that there are no L 2 -eigenvalues of ∆g when the Yamabe invariant of the conformal infinity is positive, in particular near anti-de Sitter and Schwarzschild anti-de Sitter space-time. Furthermore, and quite generally, V ′′ (0) = 0 is never an eigenvalue by the maximum principle. Finally, again quite generally, the L 2 spectrum of −∆ g for asymptotically hyperbolic manifolds is [n 2 /4, +∞[ together with possibly a finite set of eigenvalues, with finite multiplicity, between 0 and n 2 /4 [21] (compare [26] ), so our non-eigenvalue condition is true except for at most a finite number of values of V ′′ (0) ∈ (−n 2 /4, 0) for all asymptotic geometries.
Proof. This follows directly from the arguments of [15] : The indicial exponents of the relevant equations remain unchanged, as terms containing θ, which are here multiplied by ia, are of lower order in ρ. Note that the solutions obtained below using the implicit function theorem might a priori depend upon the "periodic time coordinate" t, but this is irrelevant for the calculation of the indicial exponents.
We start by sketching the argument in the case of a single real-valued scalar field Φ, which satisfies the equation
Its indicial exponents are σ ± = n/2± n 2 /4 + V ′′ (0), unchanged from those in [15] , as g tt = −V −2 = O(ρ 2 ) so that terms arising from t derivatives are of lower order. We assume −n 2 /4 < V ′′ (0) < 0 so that the solutions show the desired asymptotics. By [15, Theorem D.1], using the assumption that V ′′ (0) is not an L 2 eigenvalue of ∆g, it follows that the linearisation (∆g − V ′′ (0)) is an isomorphism from C k+2,α σ − +s to C k,α σ − +s for small s > 0. Then L X Φ ≡ 0 by the same argument as in the proof of Lemma 4.5 above: Applying L X to the equations and using L Xg = 0 gives
Here q 1 is a linear combination of the energy-momentum tensor of the scalar field and its trace times the metric, and is at least quadratic in its arguments and their derivatives, so that L X q 1 is a linear first-order differential operator in (L X g, L X Φ). Furthermore, each term in q 2 is linear in Φ or its derivatives and contains an L X derivative of one of the arguments. Φ behaves asymptotically as in [15] , i.e. Φ = ρ σ − Φ + o(ρ σ − ) and, using L X Φ = 0, we have L X Φ = o(ρ σ − ). As the coefficients of L X Φ and L X g, and of their first derivatives, on the right-hand side of (4.19) are small in the relevant spaces (e.g. the coefficients of the L X Φ terms on the right-hand side of the second equation are small in C k,α 0 ), we can use Proposition 3.1 and the isomorphism properties of (∆g − V ′′ (0)) described above to conclude that L X g ≡ 0 and L X Φ ≡ 0.
Next, we show that V, g, θ, Φ are even functions of a: ψ * (g(a), Φ(a)) satisfy the same equations as (g(−a), Φ(−a)), with identical asymptotic data (since Φ is independent of a, the only relevant terms are the asymptotic data for g(a) 0j = −iag(a) jk θ(a) k which are unchanged under (t, a) → (−t, −a)) and by uniqueness we have Φ(a) = ψ * Φ(a) = Φ(−a), similarly for V , g, θ.
Therefore Φ(a), V (a), g ij (a), θ i (a) are real for real a by the same argument as for V (a), g ij (a), θ i (a) above.
Rather similar considerations apply for the whole system of EinsteinMaxwell-dilaton-Yang-Mills-Higgs-Chern-Simons-scalar fields equations: The matter equations arising from the action (4.13) are (4.20)
After replacing dt by −idt, the asymptotic data for the Riemannian solution, say F (a), take the form F (a) = d(−ia U dt + A i dx i ). They are clearly invariant under (4. 22) t → −t and a → −a.
The only other asymptotic data that are possibly affected by (4.22) are those associated with the inverse metric components g(a) 0j . These change sign under each of a → −a and t → −t. It follows
which again implies that (U (a), A(a), Φ(a), V (a), θ(a), g(a)) are even functions of a. As before, analyticity holds and we conclude that all these fields are real for real a.
Note that the implicit function theorem in the Riemannian regime produces essentially complex electric fields for real a and non-zero U 's, which will however be mapped to real ones when one returns to the Lorentzian setting.
4.3. f (R) theories. Our method allows the construction of black-hole solutions to specific f (R) theories: As described in e.g. [18, Section 2.3] these can be reduced to the Einstein-scalar field equations with a specific potential V (Φ) by a conformal transformation, if the function f fulfills certain conditions. These conditions are satisfied simultaneously with our assumptions on V (in Theorem 4.8) if
(this is shown in detail in [15, Section 5.5] ). An example of a function f which fulfills these conditions is
whereR is the Ricci scalar in the f (R) theory (i.e. before the conformal transformation) and d < 1, c < 0, α = 1, 3, 5, . . . , and
, are constants.
4.4. Time-periodic scalar fields. Similarly to [15, Section 6 .1] we can use the method there to construct solutions with a time-periodic complex scalar field Φ(t, x) = e iωt ψ(x) where ω ∈ R is a constant and ψ(x) is allowed to be complex. We assume that (4.25)
for some differentiable functions G V and G W , and replace the term (∇Φ) 2 in the action by ∇ α Φ∇ α Φ, where Φ is the complex conjugate of Φ. The Lorentzian Φ equation for a complex scalar field Φ = e iωt ψ takes the form
This leads to the following associated Riemannian equation
where the crucial difference to a naive replacement t → −it (and therefore Φ → e ωt ψ) is that the argument of G W ′ and G V ′ is ψψ instead of ΦΦ = e 2ωt ψψ. The equations (4.26) and (4.27), together with the respective Lorentzian and Riemannian equations for the other variables, are equivalent: The bijection (4.28) (V, θ, g, U, A, ω, ψ) → (iV, iθ, g, −iU, A, −iω, ψ)
maps Lorentzian solutions to Riemannian ones. As such, the first equation (4.27) does not make sense for periodic t's, but the second does. Note, however, that Dt and |dt| 2 are singular at an axis of rotation of ∂ t , if there is one. This forces us to restrict ourselves to strictly stationary configurations, without black holes, when ω = 0. As a consequence, in this section we merely reproduce the results already proved in [15] for rotating complex fields, albeit by a somewhat simpler argument.
Applying L X to the second equation in (4.27) gives
and therefore
where each term in q 3 is at least linear in its arguments or their derivatives and contains an L X derivative of g, ψ, U , or A.
We can now argue as before to obtain L X (g, ψ, U, A) ≡ 0 if the asymptotic data are invariant under L X . The equation for ψ is then
All terms in this equation are well defined and, by the results of [15] , we obtain a solution of the complete system of equations. As ψ is independent of t, no difficulties associated with the periodicity of the t coordinate arise. After transforming back via the inverse of (4.28) we obtain a time-periodic solution Φ(t, x) = e iωt ψ(x) to the original equations.
Geometry of the solutions
We wish to show that the solutions constructed above with topology M = R 2 × n−1 N correspond to smooth black holes on the Lorentzian side. (In fact, the Lorentzian metric will be one-sided-analytic up-to-horizon [6] near the horizon, but this is irrelevant for the problem here.) For this, we recall some standard facts about isometries. Let us denote by (5.1) Z := {0} × n−1 N the codimension-two submanifold of M which is the zero-set of the Killing vector X generating rotations of R 2 . Then Z is a totally-geodesic submanifold of (M, ℜg). In coordinates (x, y) normal for the metric ℜg, on each of the planes ℜg-orthogonal to Z the vector field X takes the standard Euclidean form X = x∂ y − y∂ x . This shows that in these coordinates a rotation R π by an angle π, which is the map (x, y) → (−x, −y), is an isometry of ℜg which leaves invariant ℑg. Let us choose local coordinates (x a ) on Z , and extend them to be constant along ℜg-geodesics ℜg-normal to Z . We will denote by (x A ) the coordinates (x, y). In particular all odd-order derivatives of the metric functions ℜg ab and ℜg AB vanish on Z . An analogous argument applies to θ using L X θ = 0. Let us assume for definiteness that a ∈ R, thus θ is purely real. It is then standard to derive the following form of the metric in coordinates (ϕ, ρ, x a ), where (x, y) = (ρ cos ϕ, ρ sin ϕ) (compare [12, Section 3] for detailed calculations in a closely related setting): ℜg = u 2 dϕ 2 + h jk dx j dx k , u = ρ(1 + ρ 2 ψ) , (5.2) θ = αρ (1+ρ 2 ψ) 2 dρ + γ a dx a , (5.3) h jk dx j dx k = (1 + ρ 2 β)dρ 2 + b ab dx a dx b + 2ρλ a dx a dρ − u 2 θ i θ j dx i dx j , (5.4) and where all the non-explicit functions are smooth functions of (ρ 2 , x a ).
Passing to the Lorentzian regime, and replacing ϕ by a coordinate (5.5) τ = ϕ + log ρ , one checks that the Lorentzian metric g smoothly extends to a Killing horizon at ρ = 0 after a final change of coordinates ρ → z = 1 2 ρ 2 . Indeed, the Lorentzian metric g is then given by
after substituting dΦ → idΦ in (5.2) and applying the coordinate transformation (5.5). Indeed, (5.6) shows that that the Killing vector ∂ τ is null on the hypersurface {z = 0}, and that this hypersurface is null, hence a Killing horizon. This is a non-rotating horizon, in the sense that the Killing vector which is timelike at infinity is also tangent to the Killing horizon. (This explains why our solutions, which can have no further symmetries than stationarity, are compatible with the Hollands-Ishibashi-Wald [23] rigidity theorem, which provides at least one more symmetry for rotating horizons.) We also see from (5.6) that the surface gravity of the Killing horizon {z = 0}, calculated for the vector field ∂ τ , equals one. Rescaling τ to the scale of the original nearby seed Birmingham solution, the surface gravity of our solutions will coincide with that of the seed metric in those cases with matter sources where the gravitational free data at infinity have been chosen to coincide with the original ones; otherwise a nearby surface gravity will result when the asymptotic behaviour of the metric imposes a natural rescaling of the horizon Killing vector field.
